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Abstract A construction method to obtain sets of tailored facets to be used as the initial 

configuration in the design of freeform reflector surfaces is presented. The construction strategy 

starts from a collection of flat elementary facets and achieves the initial configuration of the reflector 

surface by tailoring the facets according to their Bézier surfaces description. The aim of this research 

is to describe a procedure capable of generating the Bézier surfaces that define elementary tailored 

facets; these facets could then be used as initial configurations in the design of freeform reflectors. 

Though beyond the scope of this article, the facets could be used on a subsequent optimization 

process, i.e., the geometry of the elementary facets could be modified through a global optimization 

process taking into account all facets, in order to further improve the entire illumination system.  Ray 

tracing is used to calculate the facet’s geometry; it applies elementary merit functions to find the 

parameters defining the Bézier curve that best meets specifications in each elementary facet. This 

method is based on a sequential 2D projection strategy that employs different strategic planes for 

calculations. A method to build up the facet’s geometry using a Bézier surface from 2D curves is 

provided. This approach will successfully generate a net of control points to describe a Bézier 

surface compatible with any standard optical optimization tool and suitable for use with CAD and 

other tools that represent solids. 
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1  Introduction  

 

An optical design process is defined by a merit function, a quality criterion and an optimization 

algorithm. These are the basic elements that lead the optical system to the final required conditions 

(Turner and Garcia 2008). 

 

Designers are aware that if the optimization process starts with a deficient initial configuration, the 

system will need a long time to reach a satisfactory result and the odds of success will be much 

lower. Consequently, a strategy successful in constructing a set of valid initial conditions constitutes 

an essential component of design processes (Ashdown, Brackett, and Sikkens 1994; Doyle, 

Corcoran, and Connell 1999). 

 

A reflector design process is mainly based on energy contribution and its spatial and uniform 

distribution. Indeed,  reflector designs are based on the relationship among three basic elements of 

optical design: source, reflector and target (Fournier, Cassarly, and Rolland 2010a; Fournier, 

Cassarly, and Rolland 2010b). Crucially, this relationship establishes the geometrical relations 

among the elements (Cassarly 2007).  

 

When designing a reflector, three steps are essential to effectively attain the final reflector geometry: 

 

- Segmentation: Source, target and reflector segmentation lead to reflector facets.  The 

benefits of using segmented optical surfaces in non-imaging optics are widely documented in 

the literature (Cassarly et al. 2000; Leutz and Ries 2003; Pohl et al. 2003; Fournier, Cassarly, 

and Rolland 2010a; Fournier, Cassarly, and Rolland 2010b; Baeuerle et al. 2012). Faceting 

the reflector facilitates the required local adjustments of the geometric parameters of the 

facets so that the illumination goal at the target can be achieved. Different segmentation 

criteria must be defined to fulfil different criteria of energetic distribution; critically, the 

segmentation criteria must be flexible to adjust to any far field or near field situation. Several 

segmentation methods have been described (Timinger et al. 2000; Pohl et al. 2003; Sikkens 

and Nuyens 2003; Ries 2011) . 

 

- Position and orientation of every facet according to the proposed mapping. Various mapping 

techniques linking source, target and reflector facets have been described (Oliker and 

Newman 1993; Fournier, Cassarly, and Rolland 2010a; Baeuerle et al. 2012).  Once the 

segmentation criteria based on the design boundary conditions have been defined, the facets’ 

position in relation to pitch and tilt must be described. 

 

- Tailoring: The local geometry of the facet’s surface must be described in order to obtain the 

final goal of energetic distribution on the target(Cassarly et al. 2000; Timinger et al. 2000; 

Ries and Muschaweck 2001; Ries and Muschaweck 2002; Fournier, Cassarly, and Rolland 

2010a; Fournier, Cassarly, and Rolland 2010b; Baeuerle et al. 2012). 

 

These three steps define the process to build faceted optical surfaces from a geometrical structure.  
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Tailoring, i.e., shaping the facets’ surface so that illumination on the target meets a first approach of 

the required conditions, is the objective of our study. We propose a method to define a set of valid 

initial facets to be used in the optimization design process. 

 

We have recently witnessed an explosion of methods based on heuristics rather than on the 

analytical search of exact solutions, including: soft computing methods, where we find evolutionary 

computing with genetic algorithms; neural computing, with algorithms inspired on the neural tissues 

distributed response; and KNS (Knowledge Based Systems) based on logics, probability and other 

variations (Kostrzewski et al. 1998; Gur, Mendlovic, and Zalevsky 2002).  

 

Genetic algorithms have been proved useful in the area of optical design (Ashdown, Brackett, and 

Sikkens 1994; Cuevas et al. 2006; Fang and Tsai 2008; Wu et al. 2008; Xu 2011), where  questions 

can be solved as optimization problems. Thus, from a set of initial conditions to develop a design, it 

is possible to calculate new successive approximations by modifying parameters with a similar role 

on the computational model than that of genes on the biological model.  

 

To feed the optimization genetic algorithm, we need to obtain an initial diversified population of 

approximate solutions at low computational cost.   

 

Statement of the problem 

 

Before defining the method for tailoring the facets’ surface, we should question the validity of 

searching for initial and final approximate solutions, since an exact theoretical solution (which can 

be unique) exists, made up of conical surfaces (Oliker 2003; Magarill 2011; Michaelis, Schreiber, 

and Braeuer 2011) in which source and target are assumed as points.  

 

Two different explanations justify the build up of approximate solutions. Firstly, the design and 

mechanical constrains related to the optical surface. For instance, if an exact solution is to be found, 

the surface might be forced to pass through several points which disable the surface for being a 

solution of the optical design problem. Furthermore, the mathematical model used by CAD tools to 

shape the surface might not match with the surface solution built up with exact facets. In this case, 

the theoretical surface to reach compatible CAD tools must be adjusted, with the consequent loss of 

accuracy and widening the gap from the exact theoretical solution. The control of the optical 

behaviour is lost during the process of fitting surfaces to a theoretical model via mathematical 

methods. In an extreme case of fitting a high faceted multi-conical exact surface to a CAD 

compatible surface, the number of points of the adjusted surface which actually match the exact 

theoretical surface can decrease, with the subsequent loss of control of the real behaviour of light.  

 

The second reason is related to the inner formulation of the design problem. What would happen if 

instead of a point energy distribution, which is used in the method based on exact theoretical 

solutions , we are given a general criterion described by a merit function? Instead of a discrete 

distribution of points as targets,  

in most instances of real illumination problems, we are given a target illumination made of a general 

description of the desired light distribution corresponding to near field or far field distribution . This 

distribution can be expressed in terms of a merit function with different weights related to different 
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zones of the targetConsequently, is it accurate to describe exact problems to be solved by exact 

techniques when the only actual information of the target is naturally given by a merit function? We 

believe that it would be preferable to work directly with merit functions than to generate a model of 

surface energy distributions to fit the requirement to the exact solution, thus a unique method would 

be valid for both types of light distribution, just adjusting the kind of merit function to the one 

related with the target  

The aforementioned propositions are the cornerstone of the method presented in this article and 

based on two main elements:  

 

The class of surfaces accepted as valid for designs are restricted to cubic Béziers. We have selected 

this class of functions because they are easy to operate and commonly used in CAD and in optical 

optimization tools (Yang et al. 2009; Jester, Menke, and Urban 2011; Michaelis, Schreiber, and 

Braeuer 2011). A calculation process computationally fast that converts the 3D problem to find 

cubic Bézier surfaces behaving as approximate solutions into a 2D problem to find Bézier curves on 

carefully chosen strategic planes. 

With the application of this method we will be able to generate an initial population of approximate 

designs to feed the optimization algorithm. Each element of the population will be easy to achieve 

computationally and will be expressed by means of cubic Bézier surfaces, i.e., ready to be used by 

CAD tools with no need for adjustments or pre-processing.   

 

The study of the error generated by this method has no relevance, since this assessment lies on the 

subsequent optimization algorithm. The calculation of the maximum possible error for a Bézier 

surface facet defined under certain conditions is beyond the scope of the current article. 

 

2. OBJECTIVE 

The objective of this research is to provide a method to calculate the local geometry of the reflector’s 

facets as the first step towards a global procedure to obtain a diversified and approximate population 

of initial reflector designs able to feed algorithms for optimization. The method is focused on 

tailoring and calculates the geometrical parameters of the reflector facets as initial conditions. The 

facets are treated as singulars and are defined individually though under global conditions, thus 

describing freeform facets by means of quadratic Bézier surfaces that can be modified by a global 

optimization process (Doyle, Corcoran, and Connell 1999). Those conditions are derived from a 

previous segmentation and mapping process (Oliker and Newman 1993; Pohl et al. 2003; Fournier, 

Cassarly, and Rolland 2010a).Althought the mapping proces is outside the scope of the present 

papers, it might be taken into account that the success of the proposed method directly depends on 

the choice of mapping.  

 

The tailored facets are calculated via a reduced number of rays valid for geometrical but not for 

photometric purposes. The use of limited numbers of rays entails low computational costs and is 

enough to obtain valid facet shapes.  

 

Although optimization processes are not the objective of this research, we should mention that the 

global optimization process must take into account the real conditions and limitations of the 

fabrication process. The proposed method is focused on obtaining sets of tailored facets suitable for 
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initial configurations. These configurations will lead to final sets of facets that can be freeform 

reflectors if they are somoothly connected, but in general, slope discontinuities in the final 

design will be present, resulting in faceted reflectors  

3. PROCEDURE 

This section describes the procedure to calculate the local geometry of the individual facets. We 

considered as valid the cubic Bézier surfaces, defined as 3 × 3 bicubic tensorial surfaces with 4 × 4 

grid control points. The aim of this study is to describe a method capable of finding the surfaces’ 

control points by means of a constructive method based on 2D Bézier curves calculated on 

meticulously chosen strategic planes; these Bézier curves are obtained under optical and energetic 

criteria through a local merit function and using a reduced number of rays. The initial condition to 

calculate the facets’ local geometry originates from the four corners of a reflector whose outline has 

been previously set by the reflector segmentation process and oriented according to a predefined 

mapping.  Though the four corners can be coplanar, they will usually form a hyperbolic paraboloid. 

Whether a plane or a hyperbolic paraboloid, the facet’s surface can be improved by being defined as 

a cubic Bézier surface, i.e., a higher order surface with more parameters susceptible of adjustment. 

The calculation method enables the calculation of a Bézier surface that adjusts to the optical features 

described by the mapping algorithms, thus linking source, reflector and target.  

 

Source and target are segmented during the segmentation process, where the central point of the 

segment source ( S ) and the central point of the segment target (T )are considered for optimization 

purposes (figure 1) Here,  the pointS is considered as a point source emitting a fan of rays towards 

the facet. The point T  is considered as a point target, around which  the target is receiving the rays 

reflected on the reflector facet; a point to point relation can be defined among source and target. This 

method allows the consideration of different merit functions with regard to the distribution of light 

around T. 

This method is based on a 2D algorithm applied to few strategically chosen planes, to which we will 

refer as “calculation planes”. A Bézier curve is found in each plane; a method to build up a valid 

surface is described from these few curves. The planes where the 2D algorithm will be applied must 

be carefully defined. Each plane is defined by two points of the surface’s contour and the target. 

Since they are strategic planes, the surface is oriented for the source to be included in most of those 

planes; otherwise, an auxiliary source is used for calculation purposes to ensure that the target, 

source and two corners of the facet belong to the same plane, to which we can apply the 2D 

algorithm. 

These conditions suffice to describe the facet as a Bézier surface ready to be used as initial 

conditions for a global optimization process.  

The procedure is described in four separate steps: 

 Ray tracing through 3rd order 2D Bézier curves 

 2D optimization algorithm 

 Selection of calculation planes 

 Constructive method to build up cubic Bézier surfaces 
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3.1. Ray tracing through 3rd order 2D Bézier curves  

To describe the ray tracing method through a Bézier curve, the first step is to develop a 2D ray 

tracing algorithm (Canavesi, Cassarly, and Rolland 2012) through 3rd order Bézier curves following 

equation (1): 

 

       
3 2 2 3 3 2

0 1 2 3 1 2 3 4
1   3 1   3 1      B t t P t tP t t P t P t C t C tC C             (1) 

 

where P0, P1, P2, P3 are the control points of the curve (figure 1a),  is the parameter of the 

Bézier curve and C1, C2, C3 and C4 are the following coefficients: 

 

 1 0 1 2 33 3  C P P P P           (2) 

2 0 1 23 6 3C P P P         (3) 

3 0 13 3  C P P         (4) 

4 0C P        (5) 

 

Since the equation of a Bézier curve is a continuous function, the derivative can be found as  

 

  2

1 2 3' 3   2B t t C tC C        (6) 

 

The normal vector to the curve ( can be calculated for any value of t. Thus, given a point source 

S and selecting equi-spaced values of t, a fan of rays covering the Bézier curve is defined (figure 1b), 

and at each selected impact point B(t) an incident ray is considered (figure 1a). The incident angle 

 is calculated by means of and vector product:  

 

sin
R N

R N



      (7) 

 

 

The reflecting direction ’ is calculated using Snell’s law for reflectors:  (figure 1a) 

and a rotation of  applied to  gives the direction of the reflected ray : 
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    (8) 

 

In this way, if the target is defined as a line by a point T and a direction , a collection of impact 

points coming from the reflected rays can be calculated (figure 1b).  

 

  
Figure 1 a) Bezier curve with its four control points, two of them (P0, P3) lying on the curve, 

Snell law applied to a Bezier curve. Scheme of calculated values: impact point B(t),  as the 

normal direction of the curve in B(t), incident angle  of the incident ray , reflecting angle ’, 

direction of the reflected ray  and impact point I. Target lying on a line of direction . 2b) Ray 

tracing of several rays through a Bezier curve, from source S to target T. A spot diagram around 

target T is obtained. Remind that point source and target are the central points of each elementary 

segment of source and target 

 
 

The ray tracing method through a Bézier 2D curve has been described. This is the basis for the 2D 

optimization algorithm explained in the following section.  

 

3.2. Elementary 2D optimization algorithm  

Once the basis of ray tracing through 3rd order Bézier 2D curves has been established, the algorithm 

to obtain the best reflecting Bézier curve giving the required distribution of energy around the target 

point can be set using a merit function. The start up point are the four points lying on the calculation 

plane: source point (S), target point (T) and the two end points of the desired Bézier curve (P0, P3). 

Using the local merit function, the goal is to find the two remaining Bézier control points (P1, P2) in 

order to obtain the best Bézier curve for the defined reflecting purposes.  

 

Some parameters must be defined a priori (figure 2): 
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 Principal axis is the bisector of the lines SC and TC, C being the central point of the 

segment .  

 Shape parameter L is the distance between control points P1 and P2, and is related to the 

local curvature degree of the Bézier curve. A high value of the shape parameter leads to low 

curvatures, whereas a low value of the shape parameter leads to high curvatures.  

 Progress factor K is a variable in the local optimization process. It indicates a path all along 

the principal axis 

 
Figure 2 Two different curves obtained by displacing control points P1 and P2 along 

principal axis by a progress factor K. Distance between P1 and P2 is set by shape parameter L. 

 

A segment centred on C and perpendicular to the principal axis is set up. The length of the segment 

is fixed by the shape parameter L and is discretely moved through the axis following the progress 

factor K. In each progress step, the points P1 and P2 are set as the ends of the segment (Figure 2). 

Moving the segment along the principal axis, a collection of pairs P1 and P2 is obtained, thus 

defining a collection of Bézier curves.   

As initial values, L and K are, respectively, 5 % and 0.1 % of the segment , but further 

adjustments of those values can be done in order to improve results.  For each Bézier curve, a fan of 

rays from the point source S is pointed towards the curve, so that the reflecting rays and the impact 

diagram around the target are obtained for every defined Bézier curve. Thus, the best Bézier curve is 

selected using a weighted merit function of the vicinity of the impact points in relation to the point 

target T. The process is computationally efficient due to the use of a short number of rays per fan. 

 

The used merit functions are the following:  

 

0 3P P

0 3P P



 

 
 

 

 

9 

 

 

 
1

conc N

n

N N
MF

D n 


 


     (9) 

 

 
exp

1
1

1 M

n i

N
i

N N
MF

M D n 


 
  
 
 




    (10) 

where N is the number of rays used, D(n) is the distance from each impact point to the target point 

(T) and ε is a defined parameter to avoid singularities on the MF. On the other hand, M is the 

number of points used as control points within the desired area, which permits a regular distribution 

of light on the target area . 

The merit function (9) has been based on the idea to concentrate the light around a target point, but 

other merit functions that distribute light around target, filling a specified area, have been defined, as 

shown on equation (10). The use of different merit functions would not prejudice the described 

method of finding Bézier surfaces. 

3.3. 3D: Selection of calculation planes of the facets 

This section describes the procedure to select six strategic planes (SPn) for the application of the 2D 

optimization algorithm. Departing from a facet reflector on which the four corners R1, R2, R3, R4 

(figure 3) are set by the segmentation process, the objective is to find a suitable Bézier surface as 

initial condition for further optimization.  
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Figure 3 Initial flat reflector outlined by points R1, R2, R3 and R4. Source sited at S an 

target sited at T 3a) Plane SP1 defined by points R1,R2 and T  Line D1 contains T and is parallel to 

segment R1R2. 3b) Plane SP2 defined by points R3,R4,S. Line D2 contains T and is parallel to 

segment R3R4. 3c) Plane SP3 defined by points R2,R4,S. Line D3 contains T and is parallel to 

segment R2R4. S’ is the projection of S over plane SP3 3d) Plane SP4 defined by points R1,R3,S. 

Line D4 contains T and is parallel to segment R1R3. S’ is the projection of S over plane SP4. 

 

 

The first calculation plane SP1 is defined by two ends of the contour (R1 and R2) and the target point 

T (figure 3a). The spot diagram is calculated in a line D1 parallel to  passing through the target 

T. Three of the remaining calculation planes SP2, SP3, SP4 are defined following the same procedure, 

considering the other pairs of contour points as seen in figures 3b, 3c and 3d. If the source S does not 

lie on Dn, as in segments  and   (figure 3c, 3d), a local source Sn’ is defined by projecting 

the point S in the corresponding calculation plane and looking for the nearest distance from the 

original source S to the plane.   

The 2D algorithm defined in section 3.2 is applied to each calculation plane SPn; as a result, a Bézier 

curve is found for each plane fulfilling the conditions of the merit function applied, that is 

minimizing the spot diagram around target T when using a concentrating merit function  or 

achieving the size set by the expansive merit function . Consequently, four contour Bézier curves are 

obtained, two in the horizontal direction using planes SP1 and SP2 (QH0, QH3) and two in the 

vertical direction using planes SP3 and SP4 (QV0, QV3) (figure 4a). 

Two more auxiliary calculation planes, SP5 and SP6, are necessary to complete the build up of a 

Bézier surface. To describe them, two different values of parameter t are chosen: t1 and t2. The pair 

of values of the Bézier curves (QV0 (t1), QV3 (t1)) and (QV0 (t2) QV3 (t2)) define the ends of the 

auxiliary planes for the application of the 2D optimization algorithm. As a result, two more Bézier 

curves in the horizontal direction are obtained: QH1 and QH2, as seen in figures 4a and 4b. 

The quartets of control points (11) of the four horizontal curves QH0, QH1, QH2, and QH3 are taken 

as the skeleton of the desired surface. 
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Figure 4 Construction of the two auxiliary planes. 4a) Bezier contour lines obtained in the 

four principal calculation  planes. 4b) QV0 (t1) and QV3 (t1) are the ends of the new auxiliary plane 

SP5where 2D algorithm is applied to obtain the Bezier curve QH1. 4c) QV0 (t2) and QV3 (t2) are 

the ends of the new auxiliary plane SP6where 2D algorithm is applied to obtain the Bezier curve 

QH2 

 
 

3.4. Constructive method to build up cubic Bézier surfaces  

This section presents a method to characterize a cubic Bézier surface containing the four Bézier 

curves described in section 3.3 (QH0, QH1, QH2, QH3). Some features of 3 × 3 tensor product 

Bézier surfaces are introduced prior to the description of the procedure for a better understanding of 

the Bézier reflective surfaces constructive method (Farin 2002).  

 

The equation of a 3 × 3 Bézier surface is: 

 

 
3 3 3 3

3 3 3 3

0 0 0 0

, ( ) ( ) ( ) ( )ij i j ij i j

i j i j

P s t P B s B t P B s B t
   

 
    

 
       (12) 

 

where Pij are the control surface points, P(s, t) are points of the surface, s and t are the parameters of 

the surface, and  and  are Bernstein polynomials, of which the general formula is: 

 

    1
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    (13) 

 

The control net of a 3 × 3 Bézier surface is a 4 × 4 control points mesh, thus the control points Pij for 

a bicubic facet can be organized as follows:  
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The corresponding blending functions to express the surfaces in s and t parameters are:  
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where each row and column can be seen as an isoparametric Bézier curve. The whole surface can be 

thought of as a collection of isoparametric curves; the construction of such curves is described in 

terms of control curves. Control curves are auxiliary curves that do not lie on the surface. They 

consist of control points of the isoparametric curves of equation (15) and their own control points are 

surface control points Pij (equation (12)). Thus, if one of the parameters is fixed, for instance s = c, 

an isoparametric curve is obtained: 

 

 
3 3 3
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      (16) 

 

where Rj(c) is the control curve that does not lie on the surface. The curves defined by control points 

Pij; j = 0, 1, 2, 3 (columns ) are the control curves steered by parameter s, whereas the curves 

defined by control points Pij; i = 0, 1, 2, 3 (rows) are the control curves steered by parameter t. 

 

There are four special isoparametric curves that define the surface outline P(0; t), P(1; t), P(s; 0) and 

P(s; 1). They are Bézier curves defined by the columns or rows of corresponding control points; 

consequently, they also behave as control curves.  

 

On the other hand, the strategic planes described in section 3.3 are set as slices of the solid angle 

formed by the target T and the corners of the facet (fig 3). The resulting Bézier curves corresponding 

to the facet contour are the isoparametric curves P(0; t), P(1; t), P(s; 0) and P(s; 1) described in 

equation (12) (Figure 3). These curves provide the 12 periphery control points depicted in bold in 

equation (17); therefore, the four central underlined control points must be given to obtain the 

complete mesh of control points. In general, the only control points lying on the surface are the four 

corners (P00, P03, P30, P33): 
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Taking into account that the peripheral points of the matrix are both surface control points and 

isoparametric curve control points, only the four horizontal curves QH are needed to find the central 

control points of the surface. Thus, an equivalence of points, as shown in table 1, is found when 

considering the Bézier control point matrix Q given in equation (11). 

 

 

Isoparametric 

curves 

Bézier curves control points Qij 

and the equivalence with surface control points Pij 

QH3 with t = 1 Q03 = P03 Q13 = P13 Q23 = P23 Q33 = P30 

QH2 with t = 0.6 Q02 = P02 Q12 Q22 Q32 = P31 

QH1 with t = 0.3 Q01 = P01 Q11 Q21 Q31 = P32 

QH0 with t = 0 Q00 = P00 Q10 = P10 Q20 = P20 Q30 = P30 

Table 1: Bézier curves control points Qij and the equivalence with surface control points Pij 

 

The next step is to find the remaining surface control points P12, P22, P11, P21 using the Qij curve 

control points through the construction of control curves (figure 5c).  

 

As stated previously, the auxiliary control curves are also Bézier curves, in this case defined by 

Bernstein polynomials. Taking the second and third control points of QH curves (Q1i, Q2i i = 0, 1, 2, 

3), two control curves can be constructed. These two curves do not lie on the surface, but their 

control points are surface control points. By virtue of this property, the remaining surface control 

points can be next calculated (figure 5d).  
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Figure 5 Construction method of a Bezier surface from Bezier curves 5a) Bezier surface 

generated by Bernstein polynomials as a tensorial product surface. 5b) Depicted in dashed lines QV 

vertical iso-parametric curves (fixed values: t=0 and t=1). Points of QV curves have been used as 

ends of QH curves. Control points of QV curves are not represented on the figure. Depicted in 

dotted lines four QH horizontal Bezier iso-parametric curves generated with fixed s values. Control 

points of QH Bezier curves depicted as empty points. All the curves lie on the surface. 5c) Depicted 

in dashed lines , two central control curves that does not lie on the surface. Control points of QH 

Bezier curves lie on control curves. 5d) Depicted as full points are the control points of the control 

curves. They are also control points of the surface. The four full points of the upper plane are the 

four control points calculated by the equation system. 

 
 

An isoparametric curve is obtained by freezing parameters in equation (12). Thus for s = ck, 

considering values as c0 = 0, c1 = 0.3, c2 = 0.6, c3 = 1, the coordinates of four curves can be obtained: 

 



 

 
 

 

 

15 

 

 

 
3 3

3 3

0 0

, ( ) ( )k ij i k j

i j

P c t P B c B t
 

 
   

 
      (18) 

 

On the other hand, four QH Bézier curves calculated via 2D algorithm of section 3.1 can be 

expressed following the equation: 
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Thus, from equations (18) and, the following equality can be stated: 
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      (20) 

 

The Qkj values are known as Bézier control points (table 1) and the specific  Bernstein 

coefficients can be calculated with equation (13) for c0 = 0, c1 = 0.3, c2 = 0.6, c3 = 1. 
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Equating term by term from equations (18) and (19), the following set of equations is obtained:  
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where the bold Pij points are the required points, whereas the underlined Pij points are known Bézier 

surface control points. 

 

This can be expressed as matrix products: 

 

* *c cBS PS QS B P       (26) 
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Thus, the Bézier surface control points P12, P22, P11 and P21 can be calculated solving the following 

matrix: 

 

  1 *c cPS BS QS B P      (32) 

 

to finally obtain all the necessary control points to build up the surface using equation (26). 

 

4. RESULTS 

For illustration purposes, the experiment’s framework has been taken from a standard street lamp ). 

However, any other kind of lamp or illumination system could have been selected to demonstrate the 

viability of the method. The example shows how to set the initial surface parameters of a single facet 

and how the method is able to generate both a regular expanded patch of light and a concentrated 

spot around the target point. The surface is then described as a Bezier surface, and the selection 

criterion to choose proper parameters will be the amount of energy distribution around the defined 

target point.  

We start from a reflecting surface divided into facets that have to be shaped. The contour of each 

facet in the space and the assignation of a target point to each facet are defined by the previous 

segmentation and mapping processes.  

To exemplify how to calculate the local parameters of the Bezier surface, only one facet of the whole 

reflector is shown. The calculation is performed considering a point source with an arbitrary flux so 

that the parameter chosen to select the right Bezier coefficients is the normalized density of energy 

for individual facet. 

 

To show the capability and flexibility of the method, a single facet shaped for different working 

conditions is calculated. This facet has been directed at different target points and in each of these 

conditions the process to obtain different Bezier surfaces has been led by the use of concentrating or 

expanding functions.   
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6a

 

6b 

 
Figure 6a: Schematic view of the initial position of the facets, position of the source and 

corresponding target points T1 and T2. The rays hitting the centre of the facet and pointing to 

al 

 

Figure 6b: detailed view of the position of the facet. The facet when pointing at target T1 

is represented in continuous contour and the facet when pointing at target T2 is represented in 

dotted contour.   
 

 

Once the facet has been selected, two different target points are chosen (fig 6a) and the facet is next 

oriented towards each situation ( figure 6b). The input data for the example are the four corners of 

the corresponding facet reflector ( R1, R2, R3, R4), the position of the assigned targets T1 and T2 , and 

the position of the point source S (figure 6). The coordinates of the elements and all the distances 

can be found in table 1. For each target, two Bezier surfaces are designed, one to obtain a regular 

expanded patch of light, and the other one to obtain a concentrated spot around the target point, thus 

four different surfaces are obtained as a result of the implementation of the procedure. These 

surfaces are then incorporated into optical simulation software in order to achieve the illumination 

distribution. These results are next compared with those obtained with a flat reference surface 

pointing at the two different target points T1, and T2 ( figures 7,10). On the expanded patch function 

example, the aim was to create a regular distribution of light around target T with a size of 400x400 

mm (figures 8,11). With regard to the concentrated spot function, the aim was to concentrate the 

light around the target point with the smallest possible spotlight (figures 9, 12). 
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The example shows that once the outline of a facet is provided, this method is able to find the 

suitable Bezier surface to achieve the proposed illumination goals. The illumination goals can be 

expansive or concentrating, and in both cases better results are achieved if compared with an original 

flat facet. The results also prove that the method is valid for different positions of the target. 

Accordingly, if a single facet can be adapted to any illumination condition and to different positions 

of the target, the method could be applied to any single facet of the whole reflector. 

 

Table 2. Position and size of the facet, source and targets  

 

Facet Contour coordinates 

(all values in mm) 

 Facet size 25x25 

Source position (-50, 0, 1500) 

 
Target  T1 Target T2 

Target position (125, 125, 0) (1875, 1125) 

R1 ( 75.1, 49.9, 2002.1) ( 74.5,  50.1, 1998.0 ) 

R2 ( 99.99, 50.0, 1999.0  ) ( 98.8,  49.9, 2003.8 ) 

R3 ( 75.1, 74.9, 2001.0  ) ( 76.1,  75.0, 1996.3 ) 

R4 ( 99.9, 75.0,  1997.8  ) ( 100.5, 74.9, 2001.9 ) 

 

In the following pictures the irradiance is normalized at 1 and depicted on a grey scale, where white 

is no light, black is the maximum  
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7a

 

7b

 

7c

 

7d

 

Figure 7 :.Flat reference mirror pointing at target T1.  

Figure 7a:  Surface of the reference flat mirror.  

Figure 7b : Zemax layout 

Figure 7c: Image obtained with Zemax simulation using 106rays. Size of the spot diagram 

128x129 mm.  

Figures 7c and 7d:  X irradiance section.  

All distances in mm. Irradiance normalized at 1  
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8a

 

8b

 

8c 

 

8d 

 

Figure 8:  Mirror obtained with an expansive merit function aiming at a 400x400 mm  squared 

patch  illumination around target T1. 

Figure 8a:Surface obtained after an elementary optimization process . 

Figure 8b : Zemax layoutFigure 8c: Image obtained with Zemax simulation using 106ray. Size 

of the spot diagram 371x363 mm. Obtained size is 10% smallerthan expected.  

Figures 8 d: X irradiance section. 

All distances in mm. Irradiance normalized at 1 
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9a

 

9b

 

9c 

 

9d

 

Figure 9 : Mirror  obtained with a concentration merit function aiming to obtain the minimum 

spot around around target T1. 

Figure 9a: Surface obtained after an elementary optimization process. 

Figure 9b : Zemax layout 

Figure 9c: Image obtained with Zemax simulation using 106ray. Size of the spot diagram 

6.2x8.5 mm. Reduction size compared with the reference flat mirror is 93.5%. 

Figures 9d: X irradiance section.  

All distances in mm. Irradiance normalized at 1 
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10a

 

10b

 

10c

 

10d

 

Figure 10: Flat reference mirror pointing at target T2. 

Figure 10a: Surface of the reference flat mirror . 

Figure 10b : Zemax layout 

Figure 10c: Image obtained with Zemax simulation using 106ray. Size of the spot diagram  

185x161 mm. 

Figure 10 c: X  irradiance sections.  

All distances in mm. Irradiance normalized at 1. 
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11a

 

11b

 

11c

 

11d

 

Figure 11 : Mirror obtained with an expansive merit function aiming at a 400x400 mm  

squared patch illumination around target T2. 

Figure 11a: Surface obtained after an elementary optimization process . 

Figure 11b : Zemax layout 

 

Figure 11c: Image obtained with Zemax simulation using 106ray. Size of the spot diagram 

336.5X353.5 mm. Obtained size is 12.6% smaller than expected.  

Figures 11d : X irradiance section. 

All distances in mm. Irradiance normalized at 1 
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12a

 

12b

 

  
12c

 

12d

 

Figure 12 :Mirror  obtained with a concentration merit function aiming to obtain the minimum 

spot around around target T2. 

Figure 12 a : Surface obtained after an elementary optimization process. 

Figure 12b : Zemax layoutFigure 12 c: Image obtained with Zemax simulation using 106ray. 

Size of the spot diagram 20x43 mm. Reduction size compared with the reference flat mirror is 

76.8 %. 

Figures 12d and 12 d: X irradiance section. 

All distances in mm. Irradiance normalized at 1. 
 

5. CONCLUSION  

The construction method for tailoring facets suitable for initial configurations to feed optimization 

processes is described in the general context of the design of reflectors for illumination. A detailed 

description on how to obtain the individual facets using bicubic Bézier surface descriptors is 

presented.  
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The method describes how to find a Bézier surface for an arbitrary facet that best fits the proposed 

mapping process by departing from six points (source, target, and the four corners of the facet). This 

method is based on the selection of 6 strategic planes on which a 2D ray tracing will be applied. For 

each plane, 2D Bézier curves merged with elementary optimization and using a reduced number of 

rays will be obtained. A method to build up a 3D surface containing those curves is described.  

  

For each facet, the final result is the description of a Bézier surface that can be transcribed as B-

Splines or NURBS, ready to be used with commercial CAD compatible tools.    

 

This process can be applied to every facet. Indeed, our study describes a general initial configuration 

of the reflector by proceeding separately facet by facet.  

 

To conclude, the process was tested in the context of an illumination system design process using a 

single facet submitted to two different conditions of tailoring and two different target positions, 

obtaining four different surfaces. The illumination distribution was simulated by Zemax and 

compared with those obtained with the corresponding reference flat mirrors pointing to the 

respective targets  
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